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Motivated by the operad built from moduli spaces of Riemann 
surfaces, we consider a general class of operads in the category 
of spaces that satisfy certain homological stability conditions. 
We prove that such operads are infinite loop space operads 
in the sense that the group completions of their algebras are 
infinite loop spaces.
The recent, strong homological stability results of Galatius 
and Randal-Williams for moduli spaces of even dimensional 
manifolds can be used to construct examples of operads 
with homological stability. As a consequence diffeomorphism 
groups and mapping class groups are shown to give rise 
to infinite loop spaces. Furthermore, the map to K-theory 
defined by the action of the diffeomorphisms on the middle 
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dimensional homology is shown to be a map of infinite loop 
spaces.

© 2017 Elsevier Inc. All rights reserved.

1. Introduction

The theory of operads has its origin in the systematic study of loop spaces [1,3,16]. 
Operads give a tool for the construction and detection of loop spaces and, crucially, 
facilitate the study of maps between them. An important example is the little n-cube 
operad Cn which detects n-fold loop spaces in the sense that the group completion of 
a Cn-algebra is an n-fold loop space, and in particular C∞-algebras group complete to 
infinite loop spaces. These are examples of En- and E∞-operads.

Let O = {O(j)}j≥0 be an operad where each O(j) is a topological space equipped 
with a compatible action of the symmetric group Σj . In our setting, the space O(0)
has a base point ∗ but may be much larger. Because the study of infinite loop spaces 
is equivalent to the study of connective spectra (in a sense that can be made precise) 
E∞-operads are of particular interest. An operad O is an E∞-operad if each O(j) is 
contractible and has a free Σj-action. In contrast, an operad O is an E1-operad (also 
called A∞-operad) if each O(j) is homotopy equivalent to a free orbit of Σj .

In general there are obstructions to extending a given n-fold loop space structure to 
an n + 1-fold structure. Motivated by examples of operads that arise in the study of 
conformal and topological field theories, we prove here a very general theorem showing 
that the obstructions vanish in the presence of homological stability.

Definition 1.1. An operad O is an operad with homological stability (OHS) if the following 
conditions are satisfied:

(1) the operad is graded, in the sense that each O(j) is the disjoint union of connected 
spaces Og(j) for g ∈ N and the grading is compatible with the operad structure;

(2) the maps D : Og(j) → Og(0) induced by the operation of ∗ ∈ O(0) are homology 
isomorphisms in degrees q ≤ φ(g) where φ(g) tends to infinity with g;

(3) there is an A∞-operad A concentrated in degree zero, and a map of graded operads 
μ : A → O such that the image of A(2) in O(2) is path-connected.

We refer to §4 for a more general definition. The N-grading of the operad is for 
convenience and is evident in our main examples, but we can also consider operads 
graded by other abelian monoids. The third condition ensures that any O-algebra is a 
monoid up to homotopy with a group completion and the condition on μ(A(2)) is a 
very mild commutativity condition that allows an application of the group completion 
theorem; see §3. The second condition is the crucial one which enables us to prove the 
following very general theorem. Importantly, this condition can be weakened, see §4. 
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We need only ask that the map D induces a homology isomorphism on the homotopy 
colimits as g goes to infinity.

Theorem 1.2. Every operad O with homological stability (OHS) is an infinite loop space 
operad: Group completion defines a functor G from the category of O-algebras to the 
category of infinite loop spaces.

A special case of this theorem was proved in [31] for a discrete model of the surface 
operad. The above theorem allows us to simplify the model and extend the theorem to 
operads associated to non-orientable surfaces and surfaces with other tangential struc-
tures. We discuss this in the Appendix. However, our main new examples are operads 
of higher dimensional manifolds. We now give a brief description; the details are given 
in §7. Let Wg,j+1 be the connected sum of g copies of Sk × Sk with j + 1 open disks 
removed. We will think of it as a cobordism from j spheres of dimension 2k − 1 to one 
such sphere. As each Wg,j+1 is k − 1-connected, the map to BO(2k) that classifies the 
tangent bundle factors through the k-connected cover θ : B → BO(2k). We construct a 
graded operad W2k with

W2k
g (j) � Mθ

k(Wg,j+1, �Wg,j+1)

the connected component of the moduli space of Wg,j+1 with θ-structure containing 
a given θ-structure �Wg,j+1 , as defined and studied by Galatius and Randal-Williams. 
Analogously to the surface operad, the structure maps of W2k are defined by gluing the 
outgoing boundary sphere of one cobordism to an incoming sphere of another. Using the 
recent, strong homological stability results of [9] we prove the following.

Theorem 1.3. For 2k ≥ 2, the operad W2k is an operad with homological stability (OHS).

As an immediate consequence we construct infinite loop spaces from the classifying 
spaces of diffeomorphism groups of manifolds and their mapping class groups. Further-
more, we prove that the map induced by the action of Diff(Wg,1; ∂) on the middle 
dimensional homology Hk(Wg,1) � Z

2g induces a map of infinite loop spaces (or more 
precisely a zig–zag of such) from Ω∞MT(θ) to K-theory.

The operad W2k can be considered as a subcategory of the 2k-dimensional cobordism 
category as studied in [10] (after a slight modification). Thus the above theorem can 
be interpreted to say that for 2k ≥ 2, topological quantum field theories (TQFT) in 
topological spaces, i.e., symmetric monoidal functors from the 2k-cobordism category to 
the category of spaces, take the (2k−1)-sphere to an A∞-monoid whose group completion 
is an infinite loop space. One may thus reasonably restrict attention to studying TQFTs 
with values in (connected) spectra.

Finally, we note some restrictions imposed by our definition of an OHS. Above we 
have only mentioned new examples of operads for even dimensional manifolds. Even 
though homological stability has been extended to classes of odd dimensional manifolds 
by Perlmutter [22], at the moment there is no homological stability result available that 
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allows the number of boundary components to be reduced (attaching a disk). However 
this is the homological stability that is needed for condition 2 of our definition. The 
same remark holds for diffeomorphism groups for handlebodies which also have been 
shown to have homological stability by Perlmutter [23], and the stable homology been 
identified by Botvinnik and Permutter [4]. Similarly, Nariman [21] proves homological 
stability results for diffeomorphism groups of manifolds made discrete. Interestingly, for 
surfaces he proves the weaker stable homology stability needed [20]. However, for the 
discrete diffeomorphisms groups, condition 3 also poses a challenge and needs additional 
thought.

Outline

In §2 we recall familiar constructions from the theory of operads and monads. We 
define a group completion functor for homotopy associative monoids and establish several 
important basic properties in §3. In §4 we define operads with homological stability and 
in §5 we show that the group completions of free algebras over such operads are infinite 
loop spaces. We prove our main result in §6 and show that algebras over operads with 
homological stability group complete to infinite loop spaces. Our most important new 
example, the higher dimensional analog of the surface operad [31], is constructed and 
studied in §7. We describe various surface examples in the appendix.
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2. Operads, monads, and the bar construction

We recall some basic definitions and constructions from [16].
Let U denote the category of compactly generated weakly Hausdorff spaces and contin-

uous maps, and let T denote the category of well pointed compactly generated Hausdorff 
spaces and based continuous maps.

An operad is a collection of spaces

O =
∐
n≥0

O(n)

in U with a nondegenerate base point ∗ ∈ O(0), a distinguished element 1 ∈ O(1), a 
right action of the symmetric group Σn on O(n) for each n ≥ 0, and structure maps

γ : O(k) × O(j1) × . . .× O(jk) → O(j1 + . . . + jk)
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for k ≥ 1 and js ≥ 0. The structure maps are required to be associative, unital, and 
equivariant in the following sense:

(1) For all c ∈ O(k), ds ∈ O(js), and et ∈ O(it)

γ(γ(c; d1, . . . , dk); e1, . . . , ej) = γ(c; f1, . . . , fk)

where fs = γ(ds; ej1+...+js−1+1, . . . , ej1+...+js) and fs = ds if js = 0.
(2) For all d ∈ O(j) and c ∈ O(k)

γ(1; d) = d and γ(c; 1k) = c.

(3) For all c ∈ O(k), ds ∈ O(js), σ ∈ Σk and τs ∈ Σjs

γ(cσ; d1, . . . , dk) = γ(c; dσ−1(1), . . . , dσ−1(k))σ(j1, ..., jk)

and

γ(c; d1τ1, . . . , dkτk) = γ(c; d1, . . . , dk)(τ1 ⊕ . . .⊕ τk)

where σ(j1, . . . , jk) ∈ Σj permutes blocks of size js according to σ, and τ1 ⊕ . . .⊕ τk
denotes the image of (τ1, . . . , τk) under the natural inclusion of Σj1 × . . .× Σjk into 
Σj .

While [16] and most of the literature assumes the space O(0) of 0-ary operations is a 
single point, it is essential for us to allow more general spaces of 0-ary operations.

Example 2.1. There are two discrete operads that play particularly important roles.

• The nth space of the operad Com is a single point and all structure maps are the 
unique map to a point. This has trivial actions of the symmetric groups.

• The nth space of the operad Ass is Σn and the structure maps are given by block 
sum of permutations.

Example 2.2 (Little n-cubes operad, [16, §4]). Let In denote the unit n-cube and let Jn

denote its interior. An (open) little n-cube is a linear embedding α1× . . .×αn : Jn → Jn

where αi : J1 → J1 is defined by αi(t) = ait + bi for 0 < ai ≤ 1.
The jth space of the little n-cubes operad, Cn(j), is the set of j-tuples 〈c1, . . . , cj〉 of 

little n-cubes where the images of the cr are pairwise disjoint. The topology on Cn(j) is 
induced from the topology on the space of continuous maps∐

Jn → Jn.

j
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The space Cn(0) is a single point regarded as the unique “embedding” of the empty set 
in Jn. The structure maps are defined by composition of maps

γ(c; d1, . . . , dk) := c ◦ (d1 � . . .� dk) :

⎛⎝∐
j1

Jn

⎞⎠∐
. . .

∐⎛⎝∐
jk

Jn

⎞⎠ → Jn

for c ∈ Cn(k) and ds ∈ Cn(js). The identity object is 1 ∈ Cn(1) and the action of σ ∈ Σj

is given by 〈c1, . . . , cj〉σ = 〈cσ(1), . . . , cσ(j)〉.

Example 2.3. Let Mg,n denote the moduli spaces of Riemann surfaces of genus g with 
n parametrized and ordered boundary components. Segal [28] constructed a symmetric 
monoidal category where the objects are finite unions of circles and morphism spaces 
are disjoint unions of the spaces Mg,n with boundary circles divided into incoming and 
outgoing. Composition of morphisms is defined by gluing outgoing circles of one Riemann 
surface to incoming circles of another. A conformal field theory in the sense of [28] is 
then a symmetric monoidal functor from this surface category to an appropriate linear 
category.

By restricting the category we can define an operad M where

M(n) :=
∐
g≥0

Mg,n+1.

Note that M(0) is non-trivial in this example. The operad M contains a natural subop-
erad P of Riemann surfaces of genus zero. The operad P is levelwise homotopic to the 
framed little two disk operad [11, p. 282].

We describe closely related operads in Appendix A.

A map of operads O → P is a collection of Σn-equivariant maps O(n) → P(n) which 
commute with the structure maps and preserve 1 and ∗.

Example 2.4. The map φn : Cn → Cn+1 defined by

φn(j) (〈c1, . . . , cj〉) := 〈c1 × 1, . . . , cj × 1〉 : Jn+1 → Jn+1

is a map of operads. Each φn(j) is an inclusion, and we let C∞(j) denote the colimit of 
φn(j). These spaces assemble to an operad we denote by C∞.

There are maps of operads C1 → Ass and C∞ → Com. The first is a levelwise 
Σn-equivariant homotopy equivalence and the second is a levelwise homotopy equivalence 
[16, 3.5]. Motivated by these examples, an operad O is an A∞-operad if there is a levelwise 
Σn-equivariant homotopy equivalence O → Ass and O is an E∞-operad if the symmetric 
groups act freely levelwise and there is a levelwise homotopy equivalence O → Com. This 
implies that an E∞-operad is levelwise contractible.
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There are many examples where a direct map of operads is difficult to construct and 
we can only relate operads through a zig–zag of maps. In these cases we use the product 
of operads.

Definition 2.5. The product of operads O and P, denoted O × P, is defined by (O ×
P)(j) := O(j) × P(j) with the following structure:

(1) for c × c′ ∈ O(k) × P(k) and ds × d′s ∈ O(js) × P(js)

(γ × γ′)(c× c′; d1 × d′1, . . . , dk × d′k) := γ(c; d1, . . . , dk) × γ′(c′; d′1, . . . , d′k);

(2) 1 := 1 × 1 ∈ O(1) × P(1);
(3) ∗ := ∗ × ∗ ∈ O(0) × P(0); and
(4) (c × c′)σ := cσ × c′σ for c × c′ ∈ O(j) × P(j) and σ ∈ Σj .

For A∞-operads we refine this definition to operads over Ass. If A and A′ are 
A∞-operads, (A ×Ass A′)(n) is the pullback of the maps A(n) → Ass(n) and A′(n) →
Ass(n). The structure maps are defined so that A ×Ass A′ is a sub-operad of A × A′. 
Then A ×Ass A′ is an A∞-operad and there is a canonical map to A ×A′.

An O-algebra is a based space (X, ∗) with structure maps

θ : O(j) ×Xj → X

for all j ≥ 0 such that

(1) For all c ∈ O(k), ds ∈ O(js), and xt ∈ X

θ(γ(c; d1, . . . , dk);x1, . . . , xj) = θ(c; y1, . . . , yk)

where ys = θ(ds; xj1+...+js−1+1, . . . , xj1+...+js).
(2) For all x ∈ X

θ(1;x) = x and θ(∗) = ∗.

(3) For all c ∈ O(k), xs ∈ X, σ ∈ Σk

θ(cσ;x1, . . . , xk) = θ(c;xσ−1(1), . . . , xσ−1(k)).

A map of O-algebras is a map f : X → Y in T that commutes with the structure 
maps. We will denote the category of O-algebras by O[T].

An operad map O → P defines a O-algebra structure on any P-algebra. Indeed, it 
defines a functor from P[T] to O[T].
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Example 2.6. The point ∗ is trivially an O-algebra, the space O(0) is an O-algebra with 
structure maps given by the operad structure maps, and every O-algebra X receives a 
unique O-algebra map O(0) → X. Additionally, the map X → ∗ is an O-algebra map 
for all O-algebras X, but the map ∗ → X is an O-algebra map if and only if the map 
O(0) → X factors through ∗.

For each space X in T we can define a free O-algebra on X. This associates a monad 
to each operad allowing us to use familiar constructions from the theory of monads in 
the context of operads [16, §2].

If O is an operad and (X, ∗) is a based space, the free O-algebra on X is

O(X) :=
∐
n≥0

(O(n) ×Σn
Xn)

/
∼

where ∼ is a base point relation generated by

(σic;x1, . . . , xn−1) ∼ (c; si(x1, . . . , xn−1))

for all c ∈ O(n), xi ∈ X, and 0 ≤ i < n where σic = γ(c, ei) with

ei = (1i, ∗, 1n−i−1) ∈ O(1)i × O(0) × O(1)n−i−1,

and si(x1, . . . , xn−1) = (x1, . . . , xi, ∗, xi+1, . . . , xn−1).
The class of (1, ∗) ∈ O(1) ×X is the base point of O(X). Note that it coincides with 

the class of ∗ ∈ O(0).

Remark 2.7. We will occasionally abuse notation and identify points in O(X) with their 
preimage in O(n) ×Xn. In particular, we will identify elements of O(0) with their images 
in O(X). This gives an identification of O(0) and O(∗).

The free algebra construction is functorial in X and in O. Any map of pointed spaces 
X → Y induces a map of O-algebras O(X) → O(Y ). Any map of operads O → P gives 
rise to a map of O-algebras O(X) → P(X). The construction defines a monad in T and 
associates a natural transformation of monads O → P to a map of operads O → P. 
Hence, it defines a functor from operads in U to monads in T.

For a monad T in a category D, a T-algebra is a pair (X, ξ) consisting of an object X
in D and a map ξ : T(X) → X in D that is unital and associative. A map of T-algebras
is a map of spaces f : X → Y where the following diagram commutes.

T(X)
T(f)

ξX

T(Y )

ξY

X
f

Y
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The functor from operads to monads described above defines an isomorphism between 
the categories of O-algebras and O-algebras. The proofs of these facts in [16, 2.8] carry 
over verbatim to the more general case where O(0) is not necessarily a single point.

A T-functor [16, 2.2, 9.4] in a category C is a functor F : D → C and a unital and 
associative natural transformation λ : FT → F . The bar construction [16, 9.6] for a 
monad T, T-algebra X and T-functor F , denoted B•(F, T, X), is the simplicial object in 
C where Bq(F, T, X) := FT

qX. If C is the category T of based spaces, we define

B(F,T, X) := |B•(F,T, X)|.

Lemma 2.8. [16, 9.7–9.10] For T, F and X as above, the bar construction has the fol-
lowing properties:

(1) For any functor G : T → T, GF is a T-functor in T and there is a homeomorphism

B(GF,T, X) ∼= |GB•(F,T, X)|.

(2) The structure map ξ : T(X) → X induces a map of T-algebras B(T, T, X) ∼−→ X that 
is a strong deformation retract of spaces with inverse induced by the unit ηT : X →
T(X).

(3) F (ξ) induces a strong deformation retract of spaces B(F, T, T(X)) ∼−→ F (X).
(4) If δ : T → T

′ is a natural transformation of monads, then T′ is a T-functor and 
B•(T′, T, X) is a simplicial T′-algebra. The composite

τ : X → B(T,T, X) B(δ,1,1)−−−−−→ B(T′,T, X)

where the first map is induced by the unit ηT : X → T(X), coincides with the map 
induced by the unit ηT′ : X → T

′(X).

We finish this section with the observation that the bar construction for a monad is 
closely related to the classifying space construction. Given a strict monoid M , we define 
an operad M where

M(0) = ∗,M(1) = M, and M(n) = {} for n ≥ 2.

The structure maps of the operad are given by the monoidal product and 1 is the 
monoidal unit. (Note that most of the structure maps for this operad are maps from 
the empty set to itself.) M-algebras are spaces with an M -action. The monadic bar 
construction for the trivial M-algebra S0 coincides with the realization of the nerve of 
the category with a single object and morphisms given by M with an additional disjoint 
base point:

B(Id,M, S0) = BM+ where BM = |N•M |.
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3. Monoid rectification and group completion

For every A∞-operad A we define a functor from A-algebras to groups up to homotopy 
that serves as the ‘group-completion’ alluded to in our main theorem. Our first step is 
to functorially replace the monoid up to homotopy defined by the A∞-structure by a 
homotopy equivalent monoid with a strictly associative multiplication. The second step 
is to define a group completion for strictly associative monoids.

3.1. Monoid rectification

Let A be an A∞-operad and let δ : A → Ass be the map of monads associated to the 
augmentation of operads A → Ass. For an A-algebra X define

MA(X) := B(Ass,A, X).

Proposition 3.1. For any A∞-operad A, the construction MA defines a functor from the 
category of A-algebras to the category of strictly associative monoids. For every A-algebra 
X, there is a strong deformation retract

ρ : X → MA(X)

that is natural in X. Furthermore, X and MA(X) are related by a zig–zag of A-algebras. 
Hence ρ induces an isomorphism of monoids on connected components and an isomor-
phism of homology Pontryagin rings.

Proof. The simplicial space B•(Ass, A, X) is a simplicial Ass-algebra (i.e. a simplicial 
topological monoid), and geometric realization preserves this structure [16, 9.10, 11.7]. 
Thus MA defines a functor from A-algebras to strict topological monoids.

Lemma 2.8 and properties of the bar construction give maps of A-algebras

X
ξ←− B(A,A, X) B(δ,1,1)−−−−−→ B(Ass,A, X) (3.2)

where the first map is a strong deformation retract of spaces with right inverse induced 
by the unit ηA : X → A(X), and the second is a homotopy equivalence [17, A.2, A.4]. Let 
ρ be the map B(δ, 1, 1) ◦ ηA. This is the desired homotopy equivalence of spaces which 
is natural in X. �
Lemma 3.3. Suppose A and A′ are A∞-operads and ε : A → A′ is a map of operads so 
that the diagram

A ε

δ

A′

δ′

Ass
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commutes. If X is an A′-algebra (regarded as an A-algebra via ε), there is a map of 
monoids MA(X) → MA′(X) that is a homotopy equivalence.

In particular, rectification is independent of the choice of A∞-operad. When clear 
from context, we will drop the subscript from the notation for the rectification functor.

Proof. There is a commutative diagram

B(A,A, X)
B(δ,1,1)

ξ

B(ε,ε,1)

B(Ass,A, X)

B(1,ε,1)X

B(A′,A′, X)
B(δ′,1,1)ξ′

B(Ass,A′, X)

where all arrows are homotopy equivalences and B(1, ε, 1) is a map of Ass-algebras. �
The functoriality of the rectification functor is well-understood and we leave the proof 

of the following result as an exercise.

Lemma 3.4. Let A and A′ be A∞-operads.

(1) If X and X ′ are A- and A′-algebras, then X ×X ′ is a A ×Ass A′-algebra and

MA×AssA′(X ×X ′) � MA(X) × MA′(X ′).

(2) If X• is a simplicial A-algebra then its realization is an A-algebra and

MA|X•| � |MAX•|.

3.2. Constructing a group completion

For an algebraic monoid, group completion is defined by formally inverting elements; 
for a topological monoid, a natural analog is to use ΩB, the based loops of the bar 
construction. Motivated by this observation, we define the group completion of a strictly 
associative topological monoid M to be

GM := ΩBM

where BM = |N•M |, the geometric realization of the nerve of M considered as a category 
with one object. The identification of M with the 1 simplices in the nerve N•M extends 
to a canonical map [0, 1] ×M → BM which factors through S1 ∧M . Taking its adjoint 
defines a natural map

g : M −→ ΩBM = GM.
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Theorem 3.5. The assignment M �→ GM defines a functor G from well-pointed strictly 
associative topological monoids to Ω-spaces and g : Id → G is a natural transformation.

Additionally, group completion has the following properties:

(1) For monoids M and M ′, G(M ×M ′) � G(M) × G(M ′).
(2) If M is a grouplike monoid, then g : M → G(M) is a weak equivalence.
(3) If a map of monoids M → M ′ is a homotopy equivalence, then GM → GM ′ is a 

homotopy equivalence.
(4) If M• is a simplicial monoid, then |GM•| � G|M•|.

We assume that all our monoids are well-pointed in the sense of [16, A.8]. This will 
ensure that the bar construction is a ‘good’ simplicial space in the sense of [28, A.4]. Thus 
the fat realization agrees with the usual realization and levelwise homotopy equivalences 
induce homotopy equivalences on total spaces.

Proof of Theorem 3.5. These are standard facts. Assertion (1) is an immediate conse-
quence of the fact that the nerve N•(−), geometric realization | −|, and taking loops Ω(−)
are all functors that take products to products. For (2) see, for example, McDuff–Segal 
[19, 1]. For (3) note that the induced map of nerves N•M → N•M ′ is a levelwise homo-
topy equivalence, and hence induces a homotopy equivalence on realizations. Finally for 
(4), note that for any simplicial monoid M•,

|BM•| ∼= B|M•|

as the order in which the realization of bisimplicial objects is taken can be interchanged. 
Furthermore, as each BMn is connected, taking based loops Ω commutes with the real-
ization functor, compare [16, 12.3], and hence |ΩBM•| ∼= Ω|BM•| and so

|ΩBM•| ∼= ΩB|M•|. �
We extend the above discussion to A∞-algebras by first applying the rectification 

functor. Thus, given an A∞-operad A and an A-algebra X define

G(X) := ΩB(MA(X)) = ΩB(B(Ass,A, X)),

and let g : X → G(X) be the composite

X
ρ−→ B(Ass,A, X) = MA(X) −→ ΩBMA(X) = G(X).

With these definitions, group completion defines a functor from the category of 
A-algebras to the category of loop spaces, and Theorem 3.5 remains valid. Indeed, (1) 
follows from Lemma 3.4(1), (2) and (3) hold since weak equivalences are preserved by the 
monoid rectification functor MA, and (4) is a consequence of the observation that MA
commutes up to homotopy with realization for simplicial A-algebras in Lemma 3.4(2).
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3.3. Group completion theorem

We recall the group completion theorem from [7]; also see [19,25].

Theorem 3.6. Let M be a well-pointed topological monoid. If π0(M) is in the center of 
H∗(M ; k) then

g∗ : H∗(M ; k)[(π0M)−1] → H∗(GM ; k)

is an isomorphisms of k-algebras for all commutative coefficient rings k.

Remark 3.7. This result also holds under the hypothesis that H∗(M ; k)[π0(M)−1] can 
be constructed by right fractions [7,25].

If π0(M) is finitely generated by s1, . . . , sn, the localization can be achieved by in-
verting the product s := s1 . . . sn:

H∗(M ; k)[(π0M)−1] = H∗(M ; k)[s−1].

The right term can be identified with the homology of the telescope

hocolim
s̃

M = Tel(M s̃−→ M
s̃−→ M

s̃−→ . . . )

where s̃ ∈ M is in the connected component corresponding to s. Thus, if we let

M∞ := (hocolim
s̃

M)Id

denote the connected component of the identity of hocolims̃ M , the homology of a con-
nected component of the group completion is given by

H∗((GM)Id; k) = H∗(M∞; k). (3.8)

If the monoid is homotopy commutative, there is a refinement of the above theo-
rem which allows for abelian coefficient systems. We thus have the following corollary, 
compare [25, 1.2].

Corollary 3.9. Let M be a homotopy commutative monoid with π0(M) finitely generated 
and M∞ defined as above. Then the commutator subgroup of the fundamental group 
π1(M∞) is perfect and there is a weak homotopy equivalence

(GM)Id � M+
∞,

where Z+ denotes Quillen’s plus construction.
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Because the Pontryagin homology ring of an A∞-algebra is isomorphic to that of its 
rectification, the discussion above immediately also extends to any such monoid up to 
homotopy.

Remark 3.10. Any C2-algebra (or more generally any E2-algebra) is homotopy commu-
tative and hence the conditions of the group completion theorem, Theorem 3.6, and its 
corollary are immediately satisfied.

4. Operads with homological stability (OHS)

In this section we define the operads of primary interest. In particular, they are graded 
and receive a map from an A∞-operad.

Definition 4.1. Let I be a commutative, finitely generated monoid with identity element 0. 
An I-grading on an operad O is a decomposition

O(n) =
∐
g∈I

Og(n)

for each n so that:

(1) the basepoint ∗ lies in O0(0),
(2) the Σn action on O(n) restricts to an action on each Og(n), and
(3) the structure maps restrict to maps

γ : Og(k) × Og1(j1) × . . .× Ogk(jk) → Og+g1+...+gk(j1 + . . . + jk).

In particular, 1 ∈ O0(1) and the maps

σi := γ(−; 1i, ∗, 1n−i−1) : O(n) → O(n− 1)

restrict to maps σi : Og(n) → Og(n − 1).
We will mainly be concerned with N-graded operads. Note that any ordinary operad 

is an I-graded operad concentrated in degree 0. Furthermore, if J is a submonoid of I
then the graded pieces of O corresponding to J form a suboperad of O.

Let O be an I-graded operad and assume there is a map of graded operads μ : A → O

for some A∞-operad A. We refer to μ as a multiplication map. Then every O-algebra is 
an A∞-algebra and we can apply the group completion functor defined in the previous 
section. Note that the image of A is contained in the degree 0 part of O, and for most of 
the remainder of this paper we will assume that O satisfies the following weak homotopy 
commutativity condition:

μ(A(2)) ⊂ O0(2) is contained in a path component. (4.2)
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Remark 4.3. Condition (4.2) implies there is a path between any two points in the image 
of μ. Thus the induced multiplication on any O-algebra is homotopy commutative and 
the group completion theorem, Theorem 3.6, and its corollary apply.

Let D : O(n) → O(0) be defined by D(−) = γ(−; ∗, . . . , ∗). For each n ∈ N, g ∈ I and 
s̃ ∈ Os(1), the diagram

Og(n) s̃

D

Og+s(n)

D

Og(0) s̃
Og+s(0)

commutes by the associativity of γ. Here we abuse notation and use s̃ to denote the map 
γ(s̃; −).

Now let s be the product of a set of generators for I and choose s̃ ∈ Os(1). We will 
refer to both the element s̃ and the map γ(s̃, −) as the propagator. Define

O∞(n) := hocolim
s̃

Og(n).

The commutative square above defines a map

D∞ : O∞(n) −→ O∞(0).

Note that any other choice of s̃ in the same path component of Os(1) will produce a 
homotopic map, but a choice from a different component may not.

Remark 4.4. In later sections it will be convenient to view the map s̃ as the multiplication 
with an element s̃0 ∈ Os(0). For this purpose we construct s̃ as follows: let μ0 be an 
element in the path-connected image μ(A(2)) ⊂ O0(2) and pick s̃0 ∈ Os(0). Then define

s̃ := γ(μ0; s̃0, 1) ∈ Os(1).

For any O-algebra X, the map θ(s̃; −) : X → X is homotopic to the multiplication by 
the image of s̃0 under the map θ : O(0) → X.

Definition 4.5. Let O be an I-graded operad together with a map μ : A → O that satisfies 
condition (4.2). Then O is an operad with homological stability (OHS) if the maps

D∞ : O∞(n) −→ O∞(0)

induce homology isomorphisms.
For operads O and P with homological stability, a map of operads with homological 

stability is a pair of graded operad maps f : O → P and a : A → A′ such that the 
following diagram commutes:
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A a

μ

A′

μ′

O
f

P.

For I = N, D∞ is a homology isomorphism if the maps

D : Og(n) → Og(0)

are homology isomorphisms in degrees ∗ < φ(g) where φ goes to infinity as g goes to 
infinity. For operads concentrated in degree 0, O∞(n) � O(n) and the condition is that 
D : O(n) → O(0) is a homology isomorphism.

Example 4.6. C∞ is an OHS with multiplication μ : C1 → C∞ defined by the inclusion. 
Note that μ factors through C2 and so satisfies condition (4.2). (In fact, it is enough to 
note that C∞(2) is contractible.) As all levels C∞(n) are contractible, the homological 
stability condition is trivially satisfied.

Example 4.7. The Riemann surface operad M receives a map from the genus zero operad 
P and hence it satisfies condition (4.2).

By Harer’s homological stability theorem, the homology of the mapping class groups 
H∗(Γg,n+1) are independent of g and n as long as ∗ is small relative to g [13]. Since 
Mg(n) � BΓg,n+1, the maps D : Mg(n) → Mg(0) are homology isomorphisms in de-
grees ∗ growing with g.

In particular, M is an operad with homological stability.

Taking the operadic product O × P of operads O and P is functorial in both 
factors and the projection maps allow us to consider O-algebras and P-algebras as 
(O ×P)-algebras. We can upgrade the product of operads to a product in the category 
of OHSs.

Lemma 4.8. Let O and P be two OHSs. Then the product operad O×P is an OHS with 
compatible maps of OHSs

O
π1←−− O × P

π2−−→ P

where π1 and π2 are the projections to the first and second factors, respectively.

Proof. If O is I-graded and P is I ′-graded, the product O × P is I × I ′-graded with 
graded pieces

(O × P)(g,g′)(n) = Og(n) × Pg′(n).
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The symmetric group Σn acts diagonally.
Let μ : A → O and μ′ : A′ → P be the multiplications for O and P. Then A ×Ass A′

is an A∞-operad and the composite

μ̃ : A×Ass A′ −→ A×A′ μ×μ′

−−−→ O × P

defines a multiplication map for O ×P. Since O and P satisfy condition (4.2), O ×P

also satisfies this condition.
Suppose I is generated by s1, . . . , sn and I ′ is generated by s′1, . . . , s

′
m. Let s̃ = s1 ×

. . .×sn and s̃′ = s′1× . . .×s′m, then (s̃, ̃s′) is a generator for I×I ′. Thus hocolim(s̃,s̃′)(O×
P)(n) � hocolims̃ O(n) × hocolims̃′ P(n) and we have

D∞ ×D′
∞ : O∞(n) × P∞(n) −→ O∞(0) × P∞(0)

is a homology isomorphism. Then O × P is an OHS. �
In the next sections we will focus on operads O with homological stability that admit 

a map of OHSs1

π : O → C∞.

Any element c̃ ∈ C∞(1) is a propagator for C∞, and we have that

hocolim
c̃

C∞(n) � C∞(n). (4.9)

In particular if s̃ is the propagator for the OHS O, then π(s̃) is a propagator for C∞. 
To simplify notation and in light of (4.9) we write C∞(n) for hocolimπ(s̃) C∞(n) and we 
have maps π∞ : O∞(n) → C∞(n).

The following result allows us to replace O-algebras with Õ-algebras, where Õ is an 
operad with an OHS map to C∞.

Corollary 4.10. Let O be an OHS. Then the product operad Õ := O × C∞ is an OHS 
with compatible maps of operads

O
π1←−− Õ

π−→ C∞

where π1 and π are the projections to the first and second factors respectively.
Indeed, O �→ Õ defines a functor from the category of OHSs to the category of OHSs 

over C∞.

1 C∞ is a convenient E∞-operad, but any other E∞-operad could be used.
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Proof. This follows immediately from Lemma 4.8 since C∞ is an OHS. �
Thus any O-algebra is an Õ-algebra, and the statements and properties we prove for 

Õ-algebras will equally apply to O-algebras. Likewise, any C∞-algebra is a Õ-algebra, 
and for each n ≥ 0, the symmetric group Σn acts freely on Õ(n).

5. The group completion of free algebras over an OHS

The goal of this section is to describe the group completion of a free O-algebra for 
an OHS with a compatible map π : O → C∞. (Recall from the previous section that 
there is no loss of generality in assuming we have the map π.) We will show that, up to 
homotopy, the group completion of the free O-algebra on a based space X is a product 
of the group completion of O(0) and the free infinite loop space on X. This will be used 
in the following section where we replace X by its free resolution as an O-algebra. First 
however, we will prove Lemma 5.2 which uses the homological stability condition in the 
definition of an OHS in an essential way.

For each n and Σn-space Y , we have Σn-equivariant maps

D∞ × ∗ : O∞(n) × Y → O∞(0) × ∗

inducing maps D̄∞ : O∞(n) ×Σn
Y → O∞(0). Taking the product with the compatible 

map of operads π : O → C∞ gives a map

D̄∞ × (π∞ × 1Y ) : O∞(n) ×Σn
Y → O∞(0) × (C∞(n) ×Σn

Y ). (5.1)

Lemma 5.2. Suppose O is an OHS and there is a compatible map π : O → C∞. Then the 
induced map

H∗(O∞(n) ×Σn
Y ) → H∗(O∞(0) × (C∞(n) ×Σn

Y ))

is an isomorphism for all Σn-spaces Y .

Proof. The space C∞(n) is contractible, and so the maps

O∞(n) 1×∗Y−−−−→ O∞(n) × Y
π∞×1Y−−−−−→ C∞(n) × Y (5.3)

induce a long exact sequence on homotopy groups. Since π∞ is Σn-equivariant and the 
actions of Σn on O∞(n) and C∞(n) are free, the long exact sequence in homotopy groups 
for (5.3) implies the maps

O∞(n) 1×∗Y−−−−→ O∞(n) ×Σn
Y

π∞×1Y−−−−−→ C∞(n) ×Σn
Y

induce a long exact sequence on homotopy groups.
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Consider the following diagram where the second and third rows are fibrations and 
the first row induces a long exact sequence on homotopy groups.

O∞(n)
1×∗Y

O∞(n) ×Σn
Y

π∞×1Y

(1×π)×1

C∞(n) ×Σn
Y

O∞(n)
1×∗Y

D∞

(O∞(n) × C∞(n)) ×Σn
Y

proj2 ×1Y

D̄∞×1×1Y

C∞(n) ×Σn
Y

O∞(0)
1×∗

O∞(0) × (C∞(n) ×Σn
Y )

proj2
C∞(n) ×Σn

Y

The top left square commutes up to homotopy and the remaining small squares all 
commute strictly.

As the Σn action on O∞(n) is free, the map

O∞(n) ×Σn
Y → (O∞(n) × C∞(n)) ×Σn

Y

is a weak homotopy equivalence. The map between the bottom two rows defines a map 
of fibrations and hence a map of Serre spectral sequences. On the E2-page, the map

Hp(C∞(n) ×Σn
Y ;Hq(O∞(n))) → Hp(C∞(n) ×Σn

Y ;Hq(O∞(0)))

is an isomorphism since D∞ induces an isomorphism in homology by the assumption 
that O is an OHS. This induces an isomorphism on the E∞-page and hence the desired 
isomorphism between the homology of the total spaces [35, 3.26]. �

As we assume we have a compatible map of operads π : O → C∞, any C∞-algebra is 
an O-algebra. For any space X, there is a map of O-algebras

τ × π : O(X) → O(∗) × C∞(X),

where the map τ is induced by the unique map X → ∗ and the diagonal action of O pro-
vides the O-algebra structure on the product O(∗) ×C∞(X). Being maps of O-algebras, 
τ and π are maps of A-algebras, so they induce a map on group completions

G(τ) × G(π) : GO(X) → G(O(∗)) × G(C∞(X)).

We can now state the main result of this section.

Theorem 5.4. Suppose O is an OHS with a compatible operad map π : O → C∞. For any 
based space X,

G(τ) × G(π) : G(O(X)) → G(O(∗)) × G(C∞(X))

is a weak homotopy equivalence.
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Proof. For any based space X, the grading on O defines a decomposition of O(X) as ∐
g∈I Og(X) where

Og(X) :=
(∐

n

Og(n) ×Σn
Xn

)
/ ∼

and the equivalence relation is as in the definition of the free O-algebra.
Similarly, we have a natural decomposition of O(∗) × C∞(X) with graded pieces

Og(∗) × C∞(X).

Left multiplication by the propagator defines maps

s̃ : Og(X) → Og+s(X) and s̃× 1: Og(∗) × C∞(X) → Og+s(∗) × C∞(X)

Let

O∞(X) and O∞(∗) × C∞(X)

denote the homotopy colimits over these maps. Then, under the homeomorphism Og(∗) ∼=
Og(0), Remark 4.4 shows O∞(∗) ∼= O∞(0).

It will be enough to show that the map

τ∞ × π∞ : O∞(X) −→ O∞(∗) × C∞(X) (5.5)

is a homology isomorphism. Since, if we let s denote the component of s̃, it will follow 
that

τ × π : H∗(O(X))[s−1] −→ H∗(O(∗) × C∞(X))[s−1]

is an isomorphism. By the group completion theorem,

G(τ) × G(π) : G(O(X)) → G(O(∗)) × G(C∞(X))

induces an isomorphism in homology. As both source and target are simple spaces, the 
statement of the theorem will then follow by the Whitehead theorem.

We have filtrations

Fn =

⎛⎝∐
k≤n

O∞(k) ×Σk
Xk

⎞⎠ / ∼

of O∞(X) and
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F̃n =

⎛⎝∐
k≤n

O∞(0) × C∞(k) ×Σk
Xk

⎞⎠ / ∼

of O∞(∗) × C∞(X). The associated subquotients are

Fn/Fn−1 = O∞(n) �Σn
X∧n and F̃n/F̃n−1 = O∞(0) � C∞(n) �Σn

X∧n

where � is the half smash product defined by Y � Z := (Y × Z)/(Y × ∗). The map in 
(5.5) is compatible with these filtrations, and so there are induced maps

Fn/Fn−1 → F̃n/F̃n−1. (5.6)

There is a commutative diagram

O∞(n)

D̃×π

O∞(n) × Y

(D̃×π)×1Y

O∞(0) × C∞(n) O∞(0) × (C∞(n) × Y )

where the maps to Y are inclusion of the base point. Taking the quotient by the Σn action 
(and observing that Σn acts trivially on O∞(0)), we have a map of cofiber sequences

O∞(n)/Σn O∞(n) ×Σn
Y O∞(n) �Σn

Y

O∞(0) × (C∞(n) ×Σn
∗) O∞(0) × (C∞(n) ×Σn

Y ) O∞(0) � (C∞(n) �Σn
Y ).

The first two vertical maps are as in (5.1) and, if we take Y = X∧n, the last map is (5.6). 
The long exact sequence in homology, Lemma 5.2, and the five lemma imply (5.6) is an 
isomorphism in homology. The filtrations above define a pair of spectral sequences and 
(5.6) defines a map between them. These spectral sequences converge to the homology 
of O∞(X) and O∞(∗) × C∞(X) and (5.5) induces (5.6). Since (5.6) is an isomorphism 
in homology, [18, 3.4] implies (5.5) is an isomorphism in homology. �
6. OHS as infinite loop space operad

In this section we use Theorem 5.4 to show that, for any OHS O, the group completion 
of an O-algebra X is an infinite loop space. The idea is to replace X by its free resolution 
as an O-algebra using the bar construction. In Lemma 6.2, we show that, after group 
completing each level, the (homotopy) quotient of GX by GO(∗) is an infinite loop 
space. To see that GX is also an infinite loop space, in Proposition 6.4 we consider 
O(∗) ×X with the diagonal O-algebra structure and deduce that the (homotopy) quotient 
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of G(O(∗) ×X) � G(O(∗)) ×G(X) by G(O(∗)) is G(X) and hence an infinite loop space. 
Our main theorem, Theorem 6.5, summarizes these results.

We start by proving the naturality of our construction.

Proposition 6.1. Suppose that O is an OHS with compatible operad map π : O → C∞. 
The assignment X �→ |GB•(C∞, O, X)| defines a functor from O-algebras to Ω∞-spaces.

Proof. There is a map of monads α : C∞ → Ω∞Σ∞ [16, 5.2] and, for every based space 
Z, the map α : C∞Z → Ω∞Σ∞Z is a group completion [17, 2.2].

For a map f : X → Y of O-algebras, we have a commutative diagram where all 
horizontal maps are induced by f .

|GB•(C∞,O, X)| |GB•(C∞,O, Y )|

|GB•(Ω∞Σ∞,O, X)| |GB•(Ω∞Σ∞,O, Y )|

|GΩ∞B•(Σ∞,O, X)| |GΩ∞B•(Σ∞,O, Y )|

|Ω∞B•(Σ∞,O, X)| |Ω∞B•(Σ∞,O, Y )|

Ω∞|B•(Σ∞,O, X)| Ω∞|B•(Σ∞,O, Y )|

The first vertical maps are induced by α : C∞ → Ω∞Σ∞ and are levelwise weak equiv-
alences since they are levelwise homology isomorphisms between simple spaces. The 
second maps are equivalences by Lemma 2.8. Since infinite loop spaces are grouplike, the 
third maps are equivalences by Theorem 3.5. The fourth maps are equivalences by [16, 
12.3].

Note that the last horizontal map in the diagram above is a map of Ω∞-spaces. �
The inclusion of the base point ∗ → X induces a map of O-algebras O(∗) → O(X) and 

a simplicial map GO(∗) → GB•(O, O, X), where GO(∗) is a constant simplicial space.
The operad maps A → O

π−→ C∞ induce maps of monads A → O π−→ C∞ and a map 
of simplicial A-algebras B•(O, O, X) → B•(C∞, O, X). Applying the functor G levelwise, 
we have a simplicial map

G(B(π, 1, 1)) : GB•(O,O, X) → GB•(C∞,O, X).

Lemma 6.2. Let O be an OHS with a compatible operad map π : O → C∞. For any 
O-algebra X there is a homotopy fibration sequence
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GO(∗) → |GB•(O,O, X)| GB(π,1,1)−−−−−−→ |GB•(C∞,O, X)|.

Proof. For each fixed n we have a commutative diagram

GO(∗) GOn+1X




GC∞O
nX

GO(∗) θ GO(∗) × GC∞O
nX

proj
GC∞O

nX

where the map θ is the identity on the first factor and the composite

GO(∗) → GO(OnX) π−→ GC∞O
nX

on the second factor. The center vertical arrow is the homotopy equivalence of Theo-
rem 5.4. The bottom row is a fiber sequence up to homotopy, and so is the top row.

In order to deduce that the top row is a homotopy fibration sequence after realization, 
we need to show that the conditions of [5, B.4] are satisfied, namely, that the simplical 
spaces GB•(O, O, X) and GB•(C∞, O, X) satisfy the π∗-Kan condition and that the map 
between them is a fibration on π0. This follows since both the total and base simplicial 
spaces are levelwise loop spaces, and the structure maps for both simplicial spaces as 
well as the map between them are maps of loop spaces. To be more explicit, let Z•
be a simplicial space with Zm simple for m ≥ 0, and let πt(Zm)free denote the set of 
unpointed homotopy classes of maps from the t-sphere to Zm. Then Z• satisfies the 
π∗-Kan condition if and only if the simplicial map πt(Z•)free → π0(Z•) is a fibration for 
each t ≥ 1 [5, B.3.1]. Thus both GB•(O, O, X) and GB•(C∞, O, X) satisfy the π∗-Kan 
condition, and the induced map on connected components

π0GB•(O,O, X) → π0GB•(C∞,O, X)

is a map of simplicial groups and hence a fibration. �
If X is an O-algebra, there is a map of O-algebras O(∗) → O(X) ξ−→ X and, applying 

group completion, this defines a map GO(∗) → GX. An operad map A → O defines a 
monoid structure on X so the composite

GO(∗) × GX → GX × GX → GX, (6.3)

where the second map is loop sum, is an action GO(∗) on GX up to homotopy.

Proposition 6.4. Let O be an operad with homological stability and suppose there is a 
compatible map π : O → C∞. For any O-algebra X, there is a weak homotopy equivalence 
between GX and |GB•(C∞, O, O(∗) × X)| where O(∗) × X has the product O-algebra 
structure.
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Proof. Lemma 6.2, applied to the product O-algebra O(∗) ×X, implies the top horizontal 
row in the following diagram is a fibration sequence:

GO(∗) ι |GB•(O,O,O(∗) ×X)|

G(eval)

|GB•(C∞,O,O(∗) ×X)|

G(O(∗) ×X)




GO(∗)
�

GO(∗) × GX

Let x0 be the base point of X. The map ι is obtained by mapping ∗ to the basepoint 
((1, ∗), x0) ∈ O(∗) ×X and extending freely to a map O(∗) → O((O(∗) ×X)). The map 
eval is induced by the diagonal action of the monad O on O(∗) × X. For the diagram 
above to commute, the image of a ∈ G(O(∗)) under � must be (a, ax̄0) ∈ GO(∗) × GX
where x̄0 denotes the image of x0 in GX and ax̄0 is the image of (a, ̄x0) under (6.3). The 
vertical maps are homotopy equivalences, and so there is a fibration sequence

GO(∗)
�

GO(∗) × GX |GB•(C∞,O,O(∗) ×X)|.

Now consider the shearing map sh : GO(∗) ×GX → GO(∗) ×GX defined by sh((a, x)) =
(a, ax). As GO(∗) is a group up to homotopy, sh is a homotopy equivalence with homotopy 
inverse given by sh−1((a, x)) = (a, a−1x). There is a commutative diagram

GO(∗)

=

incl1 GO(∗) × GX

sh

GX

GO(∗)
�

GO(∗) × GX |GB•(C∞,O,O(∗) ×X)|

where both rows are fibration sequences. The homotopy fiber of incl1 can be identified 
with ΩGX. The homotopy fiber of � can be identified with Ω|GB•(C∞, O, O(∗) ×X)|. 
As both vertical arrows are homotopy equivalences, so is the induced map between the 
homotopy fibers. Since the above commutative diagram is a diagram of loop spaces, we 
conclude that GX and |GB•(C∞, O, O(∗) ×X)| are homotopy equivalent. �

We can now state and prove our main theorem.

Theorem 6.5. Suppose O is an OHS. Then group completion defines a functor from 
O-algebras to Ω∞-spaces. In particular, GO(∗) is equivalent to an Ω∞-space and, for 
every O-algebra X, there is an Ω∞-map
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GO(∗) × GX → GX,

compatible with O-algebra maps, where the source is given the product Ω∞-space struc-
ture.

Proof. By Corollary 4.10 we may assume without loss of generality that O comes 
equipped with a map π : O → C∞ which is compatible with the multiplication μ : A → O. 
Hence, we may apply Proposition 6.1, to conclude that |GB•(C∞, O, O(∗) × X)| is an 
Ω∞-space. By Proposition 6.4,

GX � |GB•(C∞,O,O(∗) ×X)|.

For a map of O-algebras f : X → Y we have an infinite loop map

|GB•(C∞,O,O(∗) ×X)| |GB•(C∞,O,O(∗) × Y )|.

The action of GO(∗) on GX is as defined in (6.3). The maps O(∗) → O(X) → X are 
maps of O-algebras and so GO(∗) → GX is a map of Ω∞-spaces. In (6.3) the first map 
is an infinite loop map and the second is loop sum. Since loop sum is an Ω∞-map for 
Ω∞-spaces, the result follows. �

We remark that, via the map π : O → C∞, any infinite loop space is a group-
complete O-algebra. However, the induced action by GO(∗) factors through π : GO(∗) →
GC∞(∗) � Ω∞S∞(∗) � ∗, and is thus trivial.

Example 6.6 (Abelian monoids). A topological abelian monoid A defines an operad O
where

O(n) := A

with the trivial Σn action and ∗ = 1 = 0A. The structure maps in O are given by the 
monoid multiplication and we consider O a graded operad concentrated in degree 0. 
There is a canonical map of operads μ : Ass → O which factors through Com and sends 
Ass(n) to the identity element of O(n) = A. Thus μ satisfies condition (4.2).

For this operad D : O(n) → O(0) is the identity map on A, and so using Theorem 6.5
every group-like O-algebra is an Ω∞-space and comes equipped with an Ω∞-space action 
by the group completion of A.

We can characterize O-algebras as abelian monoids X with a monoid map f : A → X. 
Then the consequences of Theorem 6.5 are familiar for this operad since any abelian 
monoid X is an E∞-algebra, and the group completion ΩBX is an infinite loop space.
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7. Higher dimensional manifolds

In [9] Galatius and Randal-Williams prove a general homological stability result for 
even dimensional manifolds. We utilize their result to provide new examples of operads 
with homological stability. We first recall the set-up from [9].

7.1. Homological stability for spaces of manifolds

Let W be a 2k-dimensional smooth, compact manifold with boundary P . Let θ : B →
BO(2k) be a fibration and θ∗(γ2k) be the pull-back of the canonical 2k-bundle over 
BO(2k). Fix a bundle map

�P : ε1 ⊕ TP → θ∗γ2k

and let Bunθ
k,∂(TW ; �P ) denote the space of all bundle maps � : TW → θ∗γ2k where the 

restriction of � to P is �P and the underlying map � : W → B is k-connected. We call a 
bundle map �W : TW → θ∗γ2k a θ-structure on W and define a moduli space associated 
to W and a given θ-structure �W by letting

Mθ
k(W ; �W ) ⊂ Bunθ

k,∂(TW ; �P )//Diff(W ; ∂)

be the connected component determined by �W . Here Diff(W ; ∂) is the topological group 
of diffeomorphisms of W that restrict to the identity on a neighborhood of ∂W and //
denotes the homotopy orbit space (also called the Borel construction). We refer the 
reader to [9] for more details.

To construct maps between moduli spaces, let M be a cobordism between P and Q
equipped with a θ-structure �M which restricts to �P over P and to �Q over Q. Then 
there is a map

∪P (M, �M ) : Mθ
k(W ; �W ) → Mθ

k(W ′; �W ′)

where W ′ = W ∪P M and �W ′ = �W ∪ �M .

Theorem 7.1. [9, 1.7] If 2k ≥ 6, B is simply connected, and (M, P ) is (k− 1)-connected, 
the map ∪P (M, �M ) induces an isomorphism on homology with constant coefficients in 
degrees ∗ ≤ (g − 4)/3.

A g-fold connected sum of Sk×Sk from which n disks have been removed is a manifold 
of type Wg,n. Then the genus g of (W, �W ) is the maximal number of disjoint copies of 
W1,1 in W where each W1,1 has a θ-structure that is admissible in the sense of [9, 1.2].

Remark 7.2 (Addendum to Theorem 7.1). The above statement is a finite genus homo-
logical stability statement. However, the crucial property for an OHS only requires an 
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Fig. 1. Orientable atomic surfaces.

infinite genus homological stability property! This is proved in [9, 1.3] for all 2k ≥ 2. More 
concretely, the map ∪P (M, �M ) induces isomorphisms in homology in any even dimen-
sion with any abelian system of local coefficients from the homotopy limit of Mθ

k(W ; �W )
under gluing operation ∪P (HP , �HP

) to the homotopy colimit of Mθ
k(W ′; �W ′) under the 

gluing operation ∪Q(HQ, �HQ
). Here HP is the connected sum of Sk×Sk with [0, 1] ×P , 

and the manifold HQ is defined similarly. Again, the θ-structures �HP
and �HQ

have to 
be admissible in the sense of [9, 1.2].

7.2. A manifold operad

The cobordism categories of embedded manifolds in Euclidean space in [10] and sub-
sequent work by Galatius and Randal-Williams give rise to Γ-spaces in the sense of [27]
but they are not symmetric monoidal. Therefore we cannot simply use an appropriate 
subcategory to define our operad. Instead we follow the approach for surface categories 
using atomic cobordisms first introduced in [30].

Fix a fibration θ : B → BO(2k) where B is k-connected. For example, take B to be the 
k-connective cover of BO(2k). Let Q = S2k−1 and consider fixed atomic 2k-cobordisms

• a handle H : Q �→ Q,
• a sphere with three holes M : Q �Q �→ Q,
• a disk D : ∅ �→ Q,

where H is of type W1,1+1, M of type W0,2+1 and D of type W0,1, all with parametrized 
boundaries. See Fig. 1 for atomic cobordism for k = 1 and B = BSO(2). Let �Q be 
a θ-structure on Q such that �Q � �Q extends to a θ-structure �H on H, �Q � �Q � �Q
extends to a θ-structure �M on M , and �Q extends to a θ-structure �D on D. We will call 
the quadruple {�Q, �H , �M , �D} an operadic θ-structure. Gluing the atomic pieces along 
their boundaries (as cobordisms) produces new cobordisms W of type

Wg,n+1 :
∐
n

Q �→ Q

each equipped with a θ-structure �W .
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For (g, n), let Cg,n be the groupoid whose objects are pairs (W, �) where

• W is a cobordism of type Wg,n+1 constructed from the atomic manifolds and 
equipped with an ordering of its n incoming boundary components, and

• � : TW → θ∗(γ2k) is a θ-structure in the path-connected component of �W in the 
space of all bundle maps TW → θ∗(γ2k) or in the orbit of such a map under the action 
of the group Diff(W ; ∂) of diffeomorphisms of W that fix a collar of the boundary.

By assumption B is k-connected and W is (k−1)-connected and hence � is k-connected. 
A morphism between (W, �) and (W ′, �′) is a diffeomorphism φ : W → W ′ that commutes 
with the parametrizations of the boundary components (and collars) and the ordering 
of the incoming boundary components. Furthermore, we require that

� = Dφ ◦ �′ : TW → θ∗(γ2k).

Lemma 7.3. There is a homotopy equivalence

BCg,n � Mθ
k(Wg,n+1, �Wg,n+1).

Proof. For W ∈ Cg,n, let XW denote the space of all θ-structures � which are in the 
path-connected component of �W in the space of all bundle maps TW → θ∗(γ2k) or 
in the orbit of such a map under the action of the group Diff(W ; ∂). Then, for any 
other W ′ ∈ Cg,n, XW is homotopy equivalent to XW ′ , and given a diffeomorphism 
φ : W → W ′, the θ-structure Dφ ◦ �′ is in XW whenever �′ ∈ XW ′ . Thus by construction 
Cg,n is equivalent as a topological category to its full subcategory on objects of the form 
(W, �) for some fixed W . This subcategory is the translation category of XW under 
the action of Diff(W ; ∂). Then the nerve of this subcategory has the homotopy type of 
XW // Diff(W ; ∂). By definition this is Mθ

k(W, �W ). �
We then form a manifold operad W2k by defining

W2k(n) =
∐
g≥0

BCg,n.

The operad is graded by the genus and the structure maps γ are defined by gluing 
outgoing boundary spheres of one cobordism to incoming boundary spheres of others. 
In the next subsection we will identify an A∞-operad as a sub-operad of the genus zero 
sub-operad W2k

0 of W2k so that condition (4.2) is satisfied.
Since the pair (D, Q) = (D2k, S2k−1) is (k − 1)-connected, for 2k ≥ 2 the results of 

Galatius and Randal-Williams quoted above, Theorem 7.1 and Remark 7.2, show that

D : W∞(n) −→ W∞(0)

is a homology isomorphism. Thus we have proved the following result.
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Theorem 7.4. For 2k ≥ 2, the operad W2k associated to a fibration θ : B → BO(2k) with 
B k-connected and an operadic choice of θ-structures defines an operad with homological 
stability.

Example 7.5. Let θ : BO(2k)〈k〉 → BO(2k) be the k-connected cover of BO(2k). Assume 
that our atomic cobordisms D, M , and H are embedded in [0, 1] ×R

∞ as cobordisms, that 
is, the outgoing boundary ∂+ is contained in {0} ×R

∞ and the incoming boundary ∂− is 
contained in {1} ×R

∞; each boundary component is equipped with a collar ∂+ × [0, ε), 
respectively ∂− × (ε, 1]; and the boundary spheres can be mapped to each other by rigid 
translations in R ×R

∞. Then the Gauss map defines a map from the atomic cobordisms 
(and hence any W built from them) to BO(2k) which on (and near) the boundary 
restricts to a map �Q : ε1 ⊕ TQ → γ2k. As each atomic cobordism and each W built 
from them is k connected, the Gauss maps have compatible lifts to BO(2k)〈k〉, their 
Moore–Postnikov k-stage. Thus, for this θ-structure, W2k � B Diff(Wg,n+1; ∂).

As an immediate consequence of Theorem 7.4, we have that

ΩB

⎛⎝∐
g≥0

Mθ
k(Wg,1, �Wg,1)

⎞⎠ = ΩBW2k(0)

is homotopy equivalent to an infinite loop space. Furthermore, on application of the 
group completion theorem, we deduce that it is homotopy equivalent to

Z×
(

hocolim
g→∞

Mθ
k(Wg,1, �Wg,1)

)+

.

After restricting to a connected component, the analog of the Madsen–Weiss Theorem 
for higher dimensional manifolds and [9, 1.8], imply

ΩB0

⎛⎝∐
g≥0

Mθ
k(Wg,1, �Wg,1)

⎞⎠ �
(

hocolim
g→∞

Mθ
k(Wg,1, �Wg,1)

)+

� Ω∞
0 MTθ. (7.6)

Remark 7.7. Maps Mθ
k(Wg,1+1, �Wg,1+1) → Ω∞MTθ which are compatible with gluing 

(a strictly monoidal structure on the disjoint union over all g) were constructed in [10]. 
Following ideas in [29], a map of strict monoids can be constructed∐

g≥0
Mθ

k(Wg,1, �Wg,1) −→
∐
g≥0

Mθ
k(Wg,1+1, �Wg,1+1)

which on composition and group completion induces the homotopy equivalence on a 
connected component in (7.6). We do not know whether the evident infinite loop space 
structure on Ω∞

0 MTθ is compatible under this map with the infinite loop space structure 
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Fig. 2. Tiles.

produced by our methods on the left hand term in (7.6) though we note that for the 
case 2k = 2 this was affirmed by Wahl in [32].

7.3. Manifold models of A∞-operads

For each dimension d ≥ 2 we will construct an A∞-operad Ad build from d-dimensional 
spheres and diffeomorphisms.

Let S : I � I → I and R : ∅ → I be fixed cobordisms from two copies of the unit 
interval I and the empty set, respectively, to I. See Fig. 2. By gluing copies of S and 
R as cobordisms along incoming and outgoing boundary intervals, and labeling their 
incoming boundary components, we can construct cobordisms T from n copies of I to I. 
We denote the union of the n + 1 copies of I in the boundary by ∂0.

Let Tn be the groupoid whose objects are all such cobordisms and whose morphisms 
from T to T̃ are the diffeomorphisms from T to T̃ that commute with the parametriza-
tions of the n labeled incoming and the outgoing copies of I:

Tn(T, T̃ ) = Diff(T, T̃ ; ∂0).

We note that each of these morphism spaces is homotopy equivalent to the space of 
diffeomorphisms of the two-dimensional disk D2 that fix the boundary, and hence is 
contractible. The symmetric group Σn acts on Tn by relabeling the incoming boundary 
components. Gluing of incoming to outgoing copies of I makes T = {Tn}n≥0 an operad 
in categories (enriched in spaces), and its classifying space BT = {BTn}n≥0 an operad in 
spaces. Because the morphism spaces Tn(T, T̃ ) are contractible, so is BTn. We summarize 
with the following lemma.

Lemma 7.8. BT is an A∞-operad. �
Next, for d ≥ 2, consider for each tile T ∈ Tn its thickening, the space

T d = T × Id−1.

As T is homeomorphic to the disk D2, T d is homeomorphic to the d + 1 dimensional 
disk, and its boundary ∂T d is homeomorphic to the sphere Sd. Furthermore,
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∂T d = ∂T × Id−1 ∪ T × ∂Id−1

comes with n incoming and one outgoing cubes Id given by ∂0 × Id−1. Define a new 
groupoid T d

n with objects ∂T d for each tile T ∈ Tn, and morphisms T d
n (∂T d, ∂T̃ d) to be 

all diffeomorphisms that are the restrictions to the boundary of diffeomorphisms from 
T d to T̃ d that have the form φ × IdId−1 for some diffeomorphism of tiles φ ∈ T (T, T̃ ). 
Taking connected sum along the fixed cubes Id defines the structure maps of the operad. 
By construction, Tn is isomorphic to T d

n as a category enriched in spaces. Define

Ad := BT d = {BT d
n }n≥0.

Corollary 7.9. Ad is an A∞-operad. �
Now let d = 2k and identify the thickening of the atomic tiles S and R with the 

atomic 2k-cobordisms M and D. We want to extend this to a map of operads

μ : A2k −→ W2k.

This can easily be done when the θ-structure is as in Example 7.5. For more general 
θ-structures the operad A2k needs to be adapted as follows. If �Q extends to �M and �D
on M and D respectively, then each cobordism W built from these will have an operadic 
θ-structure glued together from these, and hence each of our objects ∂T d has such an 
operadic θ-structure. We thus need to thicken the object space in Ad. For each tile T
we have a family of objects (∂T d, �) where � is the pullback of the operadic θ-structure 
along a diffeomorphisms of ∂T d in Ad. But as the space of all such diffeomorphisms is 
contractible, the homotopy type of the operad is not affected, and in particular the re-
sulting operad is still an A∞-operad. Finally we note that as W2k(2) is path-connected, 
μ(A2k(2)) is contained in one path-component and hence μ satisfies the homotopy com-
mutativity condition (4.2).

Remark 7.10. Strictly speaking, the thickening T d is not smooth and care needs to 
be taken when identifying ∂T d with Sd. In particular, we want the maps φ × IdId to 
produce diffeomorphisms on Sd. This can easily be achieved by considering only those 
diffeomorphisms from T to T̃ that restrict on a collar ∂f × [0, ε) of the free boundary 
∂f = ∂T \ ∂0 to diffeomorphisms of the form α × Id[0,ε) for some smooth α : ∂f (T ) →
∂f (T̃ ). We leave the details to the dedicated reader.

7.4. Diffeomorphism groups for other tangential structures

We will show that the diffeomorphism and mapping class groups of Wg,1 also give rise 
to infinite loop spaces. We first construct a W2k-algebra consisting of classifying spaces 
of diffeomorphisms groups.
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We define a category Dg that is entirely analogous to Cg,0 in §7.2. For each W built out 
of atomic 2k-cobordisms of type Wg,1 the category Dg has one object, and its morphisms 
are diffeomorphisms that fix the parametrization of the boundary. Let F : Cg,0 → Dg be 
the functor that forgets the θ-structure on objects. By the definition of Dg this map is 
surjective. As Dg is a groupoid, its classifying space is

BDg � B Diff(Wg,1; ∂).

The forgetful functor induces a map

BF : BCg,0 → BDg

which, under the above homotopy equivalence and Lemma 7.3, corresponds naturally to 
the bundle map

XWg,1//Diff(Wg,1; ∂) → B Diff(Wg,1; ∂).

As F commutes with gluing, it gives 
∐

g≥0 BDg the structure of an algebra over W2k.

Corollary 7.11. The space Z × (hocolimg→∞ B Diff(Wg,1))+ is an infinite loop space.

Proof. Pick an operadic θ-structure on Q = S2k−1, as in Example 7.5, and consider the 
associated operad W2k. We have argued above that∐

g≥0
BDg

is an algebra over W2k. By Theorem 7.4, W2k is an operad with homological stabil-
ity (OHS) and hence by our main result, Theorem 6.5, the group completion of any 
W2k-algebra is an infinite loop space. By Remark 4.3, the group completion is given by 
the plus construction on the homotopy colimit, as the underlying monoid is homotopy 
commutative. �

More generally, the forgetful maps to diffeomorphism groups factor through the orien-
tation preserving diffeomorphism groups. Thus we can also consider the oriented analog 
D+

g of Dg. Galatius and Randal-Williams [9] identify the associated limit spaces in these 
cases with certain homotopy quotients

(Ω∞MTθ)// hAut(u) and (Ω∞MTθ)// hAut(u+)

of Ω∞MTθ by the monoid of weak homotopy equivalences of the k-connected cover B
of BO(2k) which commute with the maps u : B → BO(2k) and u+ : B → BSO(2k)
respectively. We note here that there is no a priori reason why these quotient spaces are 
infinite loop spaces.
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Other tangential structures are also considered in [9] and could be considered simi-
larly.

Remark 7.12. The category Dg (and hence π0Dg considered below) could be enlarged 
by introducing further atomic manifolds Aα : Q → Q with α from some countable set 
S. The union of the associated classifying spaces form W2k-algebras and hence group 
complete to infinite loop spaces.

7.5. Mapping class groups

Let ΓWg := π0(Diff(Wg,1; ∂)) denote the mapping class group of Wg,1. By replac-
ing the diffeomorphism groups by their connected components we can construct a new 
category π0Dg with a canonical forgetful functor Dg → π0Dg so that∐

g≥0
Bπ0Dg

is an algebra over W2g. We note the homotopy equivalence Bπ0Dg � BΓWg,1.

Corollary 7.13. The space Z × (hocolimg→∞ BΓWg,1)+ is an infinite loop space.

Proof. The argument is precisely as above. �
Mapping class groups of surfaces and three manifolds are well-studied and notoriously 

complicated. However, in higher dimensions these mapping class groups tend to be much 
better behaved. In the next section we will identify the above infinite loop space with 
a K-theory space when 2k = 4. Nevertheless, as we will argue, the above corollary and 
Remark 7.12 provide us with many examples of infinite loop spaces where at the moment 
we do not have any other means of identifying them as such.

7.6. The map to K-theory

Our final goal is to construct the map from Ω∞MTθ to K-theory as an infinite loop 
space map.

Diffeomorphisms act on homology. In particular, for Wg,1 of dimension 2k the diffeo-
morphisms act on the middle dimensional homology group

Hk(Wg,1) � Z
2g � Hk(Wg)

preserving the intersection form. Define categories Kg with objects the same as in Dg

and morphisms from W to W ′ given by linear isomorphisms Hk(W ) → Hk(W ′) that 
preserve the natural intersection forms. Thus when k is odd, BKg � BSp2gZ, and when 
k is even, BKg � BOg,gZ. There is a chain of functors
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Cg,0 −→ Dg −→ π0Dg −→ Kg

giving rise to a chain of W2k-algebra maps on the union over all g of the classifying spaces, 
and hence maps of infinite loop spaces on their group completions. We summarize with 
the following theorem.

Theorem 7.14. For 2k ≥ 2, a fibration θ : B → BO(2k) with B k-connected, and an 
operadic choice of θ-structure on Q = S2k−1, the action of the diffeomorphisms on the 
middle dimensional homology of the underlying manifolds induces a map of infinite loop 
spaces from

Z× (hocolim
g→∞

Mθ
k(Wg,1, �Wg,1))+ � Ω∞MTθ

factoring through the infinite loop spaces

Z× (hocolim
g→∞

B Diff(Wg,1, ∂))+ and Z× (hocolim
g→∞

BΓWg,1)+

to algebraic K-theory, KSp � Z ×BSp(Z)+ when k is odd, and KO � Z ×BO∞,∞(Z)+
when k is even. �

We finish this section with a discussion of the map from the infinite loop space asso-
ciated to the mapping class groups of the W 2k

g,1 to K-theory.
For 2k = 4: the stable mapping class group

ΓW 2k
∞ := lim

g
ΓW 2k

g,1

is isomorphic to the group O∞,∞(Z). Indeed, following [12], we can give the following 
argument. By a theorem of Wall [34], the map

ΓW 4
g,1 → Og,g(Z)

is surjective for all g ≥ 1. This map factors through the group of pseudo-isotopy classes 
P(W 4

g,1), and by a theorem of Kreck [14] the map

P(W 4
g,1) → Og,g(Z)

is injective. Finally, by a theorem of Quinn [24], pseudo-isotopic diffeomorphisms will be 
isotopic after stabilization with a number of copies of S2 × S2.

For 2k > 4: While both Wall’s and Quinn’s theorems are restricted to dimension four, 
a version of Kreck’s theorem holds in all even dimensions, and the mapping class group of 
W 2k

g,1 is an extension of the automorphism group of the quadratic forms QW 2k
g

associated 

to the bilinear intersection form on Hk(W 2k
g ) � Z

2g:
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1 −→ I2k
g,1 −→ ΓW 2k

2g,1 −→ Aut(QW 2k
g

) −→ 1.

The difference from the case where 2k = 2 is that the analog of the Torelli group I2k
2g,1

in higher dimensions is much simpler. According to Kreck [14], it is an extension of two 
abelian groups, one of which is the finite group Θ2k+1 of exotic smooth structures on 
the 2k + 1 sphere and, depending on k (mod 8), the other is free abelian of size Z2g or 
all 2-torsion:

1 −→ Θ2k+1 −→ I2k
g,1 −→ Hom(Hk(W 2k

g,1), Sπk(SO(k))) −→ 1.

Here Sπk(SO(k)) is the image of πk(SO(k)) under the map SO(k) → SO(k + 1). We 
refer to [8] for a recent study of these mapping class groups and more details including 
a table of the Sπk(SO(k)). In particular, it is proved in [8] that

ΓW 12
g,1 � Z/3Z×Og,g(Z).

Thus in this case, the mapping class groups give rise to the infinite loop space

Z× (BΓ12
∞)+ � BZ/3Z×KO.

In general, the two extensions from which ΓW 2k
g,1 is built are not well understood. Thus, 

the infinite loop space structure on

Z× (BΓW 2k
∞ )+

may not be surprising but seems also non-obvious and new in most cases.

Appendix A. Surface operads

In this appendix we collect examples of operads with homological stability arising from 
the geometry of surfaces. The relevant homological stability results are due to Harer [13], 
Wahl [33], and Randal-Williams [26].

There are also homological stability results related to graphs and automorphisms 
of free groups. The operads related to these groups tend to receive a map from an 
E∞-operad, and hence it is not surprising that their algebras group complete to infinite 
loop spaces. Therefore we have not treated these examples in detail here.

A.1. Surface operads

In [31], a version of our main theorem was proved for a particular surface operad. 
In that set-up it was necessary to have a strict multiplication, that is a map from Ass
into the surface operad. To construct this map some surfaces had to be identified and 
diffeomorphisms were replaced by mapping class groups. The present set-up gives us 
more flexibility and the constructions can be significantly simplified.
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Fig. 3. Trees within surfaces.

Example A.1 (Oriented surfaces and diffeomorphisms). We will now construct a variant 
of the surface operad studied in [31]. Like in the constructions of §7, we have three atomic 
surfaces: a disk D, a torus T = F1,2 and a pair of pants P = F0,3. (In §7, T is denoted by 
H, and P is denoted by M .) Let Fg,n+1 denote an oriented surface built out of atomic 
surfaces that has genus g with n + 1 (collared) boundary components, n incoming and 1 
outgoing.

We define a connected groupoid Sg,n+1 where the objects are surfaces of type Fg,n+1
with a labeling of the incoming boundary components. Define

Sg,n+1((F, σ), (F ′, σ′)) := Diff(F, F ′; ∂),

the diffeomorphisms that preserve the collars and the labels on the boundary compo-
nents. We have a homotopy equivalence

BSg,n+1 � BΓg,n+1,

where Γg,n+1 is the mapping class group.
We can now define an operad S with

S(n) =
∐
g≥0

BSg,n+1.

The gluing of surfaces defines associative and equivariant operad structure maps. The 
operad is graded by the genus g ∈ N. Consider the suboperad S0 corresponding to the 
genus zero surfaces. To identify an A∞-suboperad A in S0, connect the point correspond-
ing to 1 ∈ S1 in the outgoing boundary circle by a simple path to those in each of the 
incoming boundary circles of the pair of pants P . See Fig. 3. This way, after gluing, every 
surface of genus zero will be decorated by a tree connecting the outgoing boundary circle 
to each of its incoming circles. Form A ⊂ S0 by restricting the diffeomorphisms to those 
that also map trees to trees. The complement of a tree is a disk, so these diffeomorphism 
groups will be contractible, and hence A is an A∞-operad.

By the main theorem of [15] the associated infinite loop space is

GS(0) � Z×BΓ+
∞ � Ω∞MTSO(2),
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and by [32] the explicit infinite loop space structure on the right is the same as the one 
induced by the operad structure on GS(0).

Example A.2 (Nonorientable surfaces and diffeomorphisms). We now add another surface 
building block: a nonorientable surface of genus one N = RP 2 \ (D2 ∐D2). Let Nk,n+1
be a surface of nonorientable genus k with one outgoing and n incoming boundary 
components. As in Example A.1 we construct Nk,n+1 from D, P , S1 and N , and associate 
a groupoid Nk,n+1 where the morphisms are given by diffeomorphisms.

Thus we define an operad N with

N (n) �
∐
k≥0

BNk,n+1.

The genus zero suboperad N0 is the same as S0, so we have a map μ : A → N satisfying 
condition (4.2). By [33, A] we have H∗(Nk,n+1) ∼= H∗(Nk,1) for k ≥ 4 ∗+3. Hence, N is 
an OHS. By [33], the associated infinite loop space is

GN (0) � Z×BN+
∞ � Ω∞MTO(2),

where N∞ = limk→∞ π0 Diff(Nk,1, ∂) denotes the infinite mapping class group.

Example A.3 (Mixed surfaces and diffeomorphisms). We include this example as it has a 
grading different from N. The procedure in Example A.1, applied to the atomic surfaces 
D, P , T , S1 and N , constructs an operad we will denote by SN . Considering both 
orientable and nonorientable genus defines a {+, −} × N grading on SN with addition 
defined by (+, g) +(+, g′) = (+, g+g′), (−, k) +(−, k′) = (−, k+k′) and (+, g) +(−, k) =
(−, 2g + k). The group completion of this monoid is Z with generator (−, 1).

Take N to be the propagator for SN and observe that γ(T ; N) = γ(N ; γ(N ; N)). 
In particular, under the action of this propagator, orientable and nonorientable surfaces 
conflate and

GSN (0) � Z×BN+
∞.

As a consequence, this operad gives a bridge between the operads of orientable surfaces 
and nonorientable surfaces. Comparing building blocks, there are operad maps

N → SN ← S

and the maps on connected components of group completions correspond to

Z
Id−→ Z

·2←− Z.

Example A.4 (Framed, r-spin, and pin surfaces). In [26] Randal-Williams studies the 
homological stability for diffeomorphism groups of surfaces with general θ-structures. In 
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particular, for r-spin structures θr on oriented surfaces, he shows that reducing boundary 
components by gluing in disks induces isomorphisms in degrees increasing with the genus 
of the underlying surfaces, see [26, 2.14]. Hence, these diffeomorphism groups (or their 
associated mapping class groups) give rise to OHSs. Similarly, he shows that homological 
stability holds for the pin+ and pin− mapping class groups of surfaces, see [26, 4.1 8, 
4.19], and thus these too give rise to OHSs. In all these cases care has to be taken when 
defining the θ structures on the atomic surfaces so that gluing is well defined and gives 
rise to an operad.

A.2. Applications

Example A.5 (Map to K-theory). In [31] Tillmann constructs an infinite loop space 
map into K-theory using the operad associated to orientable surfaces. There is also 
an interesting example coming from the unorientable case. In particular, let Nk,1 be a 
nonorientable surface of genus k with 1 boundary component. The action of the mapping 
class group Nk,1 on H1(Nk,1) = F

k
2 induces a representation

ρ : Nk,1 → GLkF2.

Note that N (0) =
∐

k≥0 BNk,1. Thus the map ρ : N (0) →
∐

k≥0 BGLkF2 is a map of 
N -algebras, and hence the map on group completions is an Ω∞-space map

ρ : Z×BN+
∞ � Ω∞MTO(2) → Z×BGL(F2)+ � K(F2).

Note that the Madsen–Tillmann spectrum Ω∞MTO(2) is geometrically defined as a 
Thom spectrum, while K(F2) is algebraically defined. It would be difficult to define a 
map of infinite loop spaces directly without making use of the Madsen–Weiss Theorem 
which describes Ω∞MTO(2) in terms of classifying spaces of diffeomorphisms groups of 
surfaces.

Example A.6 (Detecting Ω∞-spaces). Let Ñk,1 be defined as the split extension of Nk,1
by its F2-homology H1(Nk,1, F2) = F

k
2 :

0 −→ F
k
2 −→ Ñk,1 −→ Nk,1 −→ 0.

Then there exists an N -algebra

X �
∐
g≥0

BÑk,1

and Z ×BÑ+
∞ is an Ω∞-space. At this point we do not know another description of this 

infinite loop space.
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Similarly, as already noted in [31], in the oriented case we get an infinite loop space 
structure on the group completion of

Y =
∐
g≥0

BΓ̃g,1

and Ebert and Randal-Williams show in [6]

ΩB(Y ) � ΩMTSO(2) ∧BC
×
+.

References

[1] M.G. Barratt, P.J. Eccles, Γ+-structures. II. A recognition principle for infinite loop spaces, Topol-
ogy 13 (1974) 113–126, MR 0348738.

[2] M. Basterra, I. Bobkova, K. Ponto, U. Tillmann, S. Yeakel, Inverting operations in operads, Topology 
Appl. (2017), in press, arXiv:1611.00715.

[3] J.M. Boardman, R.M. Vogt, Homotopy Invariant Algebraic Structures on Topological Spaces, Lec-
ture Notes in Math., vol. 347, Springer-Verlag, Berlin–New York, 1973, MR 0420609.

[4] B. Botvinnik, N. Perlmutter, Stable moduli spaces of high-dimensional handlebodies, J. Topol. 
10 (1) (2017) 101–163, arXiv:1509.03359, MR 3653064.

[5] A.K. Bousfield, E.M. Friedlander, Homotopy theory of Γ-spaces, spectra, and bisimplicial sets, in: 
Geometric Applications of Homotopy Theory, Proc. Conf., Evanston, Ill., 1977, II, in: Lecture Notes 
in Math., vol. 658, Springer, Berlin, 1978, pp. 80–130, MR 513569.

[6] J. Ebert, O. Randal-Williams, Stable cohomology of the universal Picard varieties and the extended 
mapping class group, Doc. Math. 17 (2012) 417–450, arXiv:1012.0901.

[7] E.M. Friedlander, B. Mazur, Filtrations on the homology of algebraic varieties, Mem. Amer. Math. 
Soc. 110 (1994), no. 529, x+110, with an appendix by Daniel Quillen, MR 1211371.

[8] S. Galatius, O. Randal-Williams, Abelian quotients of mapping class groups of highly connected 
manifolds, Math. Ann. 365 (1–2) (2016) 857–879, arXiv:1407.4680, MR 3498929.

[9] S. Galatius, O. Randal-Williams, Homological stability for moduli spaces of high dimensional man-
ifolds. II, to appear in Ann. Math., https :/ /doi .org /10 .4007 /annals .2017 .186 .1 .4, arXiv:1601.00232.

[10] S. Galatius, U. Tillmann, I. Madsen, M. Weiss, The homotopy type of the cobordism category, Acta 
Math. 202 (2) (2009) 195–239, arXiv:math/0605249, MR 2506750.

[11] E. Getzler, Batalin–Vilkovisky algebras and two-dimensional topological field theories, Comm. 
Math. Phys. 159 (1994) 265–285.

[12] J. Giansiracusa, The stable mapping class group of simply connected 4-manifolds, J. Reine Angew. 
Math. 617 (2008) 215–235, arXiv:math/0510599, MR 2400996.

[13] J.L. Harer, Stability of the homology of the mapping class groups of orientable surfaces, Ann. of 
Math. 121 (1985) 215–249.

[14] M. Kreck, Isotopy classes of diffeomorphisms of (k−1)-connected almost-parallelizable 2k-manifolds, 
in: Algebraic Topology, Aarhus 1978, Proc. Sympos., Univ. Aarhus, Aarhus, 1978, in: Lecture Notes 
in Math., vol. 763, Springer, Berlin, 1979, pp. 643–663, MR 561244.

[15] I. Madsen, M. Weiss, The stable moduli space of Riemann surfaces: Mumford’s conjecture, Ann. of 
Math. 165 (2007) 843–941, arXiv:math/0212321.

[16] J.P. May, The Geometry of Iterated Loop Spaces, Lecture Notes in Math., vol. 271, Springer-Verlag, 
Berlin–New York, 1972, MR 0420610 (54 #8623b).

[17] J.P. May, E∞ spaces, group completions, and permutative categories, in: New Developments in 
Topology, Proc. Sympos. Algebraic Topology, Oxford, 1972, in: London Math. Soc. Lecture Note 
Ser., vol. 11, Cambridge Univ. Press, London, 1974, pp. 61–93, MR 0339152.

[18] J. McCleary, A User’s Guide to Spectral Sequences, second ed., Cambridge Stud. Adv. Math., 
vol. 58, Cambridge University Press, Cambridge, 2001, MR 1793722.

[19] D. McDuff, G. Segal, Homology fibrations and the “group-completion” theorem, Invent. Math. 31 (3) 
(1976) 279–284.

[20] S. Nariman, Stable homology of surface diffeomorphism groups made discrete, Geom. Topol. 21 (5) 
(2017) 3047–3092, http://dx.doi.org/10.2140/gt.2017.21.3047.

http://refhub.elsevier.com/S0001-8708(17)30270-0/bib426172726174744563636C6573s1
http://refhub.elsevier.com/S0001-8708(17)30270-0/bib426172726174744563636C6573s1
http://refhub.elsevier.com/S0001-8708(17)30270-0/bib424250545932s1
http://refhub.elsevier.com/S0001-8708(17)30270-0/bib424250545932s1
http://refhub.elsevier.com/S0001-8708(17)30270-0/bib626F6172646D616E766F6774s1
http://refhub.elsevier.com/S0001-8708(17)30270-0/bib626F6172646D616E766F6774s1
http://refhub.elsevier.com/S0001-8708(17)30270-0/bib426F7476696E6E696B5065726C6D7574746572s1
http://refhub.elsevier.com/S0001-8708(17)30270-0/bib426F7476696E6E696B5065726C6D7574746572s1
http://refhub.elsevier.com/S0001-8708(17)30270-0/bib626F75736669656C6466726965646C616E646572s1
http://refhub.elsevier.com/S0001-8708(17)30270-0/bib626F75736669656C6466726965646C616E646572s1
http://refhub.elsevier.com/S0001-8708(17)30270-0/bib626F75736669656C6466726965646C616E646572s1
http://refhub.elsevier.com/S0001-8708(17)30270-0/bib45626572742D5257s1
http://refhub.elsevier.com/S0001-8708(17)30270-0/bib45626572742D5257s1
http://refhub.elsevier.com/S0001-8708(17)30270-0/bib5175696C6C656Es1
http://refhub.elsevier.com/S0001-8708(17)30270-0/bib5175696C6C656Es1
http://refhub.elsevier.com/S0001-8708(17)30270-0/bib4752576D6367s1
http://refhub.elsevier.com/S0001-8708(17)30270-0/bib4752576D6367s1
https://doi.org/10.4007/annals.2017.186.1.4
http://refhub.elsevier.com/S0001-8708(17)30270-0/bib474D5457s1
http://refhub.elsevier.com/S0001-8708(17)30270-0/bib474D5457s1
http://refhub.elsevier.com/S0001-8708(17)30270-0/bib6765747A6C6572s1
http://refhub.elsevier.com/S0001-8708(17)30270-0/bib6765747A6C6572s1
http://refhub.elsevier.com/S0001-8708(17)30270-0/bib4769616E7369726163757361s1
http://refhub.elsevier.com/S0001-8708(17)30270-0/bib4769616E7369726163757361s1
http://refhub.elsevier.com/S0001-8708(17)30270-0/bib4861726572s1
http://refhub.elsevier.com/S0001-8708(17)30270-0/bib4861726572s1
http://refhub.elsevier.com/S0001-8708(17)30270-0/bib4B7265636Bs1
http://refhub.elsevier.com/S0001-8708(17)30270-0/bib4B7265636Bs1
http://refhub.elsevier.com/S0001-8708(17)30270-0/bib4B7265636Bs1
http://refhub.elsevier.com/S0001-8708(17)30270-0/bib4D616473656E2D5765697373s1
http://refhub.elsevier.com/S0001-8708(17)30270-0/bib4D616473656E2D5765697373s1
http://refhub.elsevier.com/S0001-8708(17)30270-0/bib4D6179s1
http://refhub.elsevier.com/S0001-8708(17)30270-0/bib4D6179s1
http://refhub.elsevier.com/S0001-8708(17)30270-0/bib4D617932s1
http://refhub.elsevier.com/S0001-8708(17)30270-0/bib4D617932s1
http://refhub.elsevier.com/S0001-8708(17)30270-0/bib4D617932s1
http://refhub.elsevier.com/S0001-8708(17)30270-0/bib6D63636C65617279s1
http://refhub.elsevier.com/S0001-8708(17)30270-0/bib6D63636C65617279s1
http://refhub.elsevier.com/S0001-8708(17)30270-0/bib6770s1
http://refhub.elsevier.com/S0001-8708(17)30270-0/bib6770s1
http://dx.doi.org/10.2140/gt.2017.21.3047


430 M. Basterra et al. / Advances in Mathematics 321 (2017) 391–430
[21] S. Nariman, Homology stability and stable moduli of flat manifold bundles, to appear in Adv. Math., 
arXiv:1406.6416.

[22] N. Perlmutter, Homological stability for the moduli spaces of products of spheres, Trans. Amer. 
Math. Soc. 368 (7) (2016) 5197–5228, arXiv:1408.1903, MR 3456177.

[23] N. Perlmutter, Homological stability for diffeomorphisms groups of high dimensional handlebodies, 
to appear in J. Topol., arXiv:1510.02571v5.

[24] F. Quinn, Isotopy of 4-manifolds, J. Differential Geom. 24 (3) (1986) 343–372, MR 868975.
[25] O. Randal-Williams, ‘Group-completion’, local coefficient systems and perfection, Q. J. Math. 64 (3) 

(2013) 795–803, MR 3094500.
[26] O. Randal-Williams, Homology of the moduli spaces and mapping class groups of framed, r-spin 

and pin surfaces, J. Topol. 7 (2014) 155–186, arXiv:1001.5366.
[27] G. Segal, Categories and cohomology theories, Topology 13 (1974) 293–312, MR 0353298 (50 

#5782).
[28] G. Segal, The definition of conformal field theory, in: Topology, Geometry and Quantum Field 

Theory, in: London Math. Soc. Lecture Note Ser., vol. 308, Cambridge Univ. Press, Cambridge, 
2004, pp. 421–577, MR 2079383 (2005h:81334).

[29] U. Tillmann, On the homotopy of the stable mapping class group, Invent. Math. 130 (2) (1997) 
257–275, MR 1474157.

[30] U. Tillmann, A splitting for the stable mapping class group, Math. Proc. Cambridge Philos. Soc. 
127 (1) (1999) 55–65, MR 1692515.

[31] U. Tillmann, Higher genus surface operad detects infinite loop spaces, Math. Ann. 317 (3) (2000) 
613–628, MR 1776120 (2001m:55030).

[32] N. Wahl, Infinite loop space structure(s) on the stable mapping class group, Topology 43 (2004) 
343–368, arXiv:math/0204169.

[33] N. Wahl, Homological stability for the mapping class groups of non-orientable surfaces, Invent. 
Math. 171 (2) (2008) 389–424, arXiv:math/0601310, MR 2367024 (2008m:57047).

[34] C.T.C. Wall, On simply-connected 4-manifolds, J. Lond. Math. Soc. 39 (1964) 141–149.
[35] C.A. Weibel, An Introduction to Homological Algebra, Cambridge Stud. Adv. Math., vol. 38, Cam-

bridge University Press, Cambridge, 1994, MR 1269324.

http://refhub.elsevier.com/S0001-8708(17)30270-0/bib4E6172696D616E31s1
http://refhub.elsevier.com/S0001-8708(17)30270-0/bib4E6172696D616E31s1
http://refhub.elsevier.com/S0001-8708(17)30270-0/bib5065726C6D7574746572s1
http://refhub.elsevier.com/S0001-8708(17)30270-0/bib5065726C6D7574746572s1
http://refhub.elsevier.com/S0001-8708(17)30270-0/bib5065726C6D757474657232s1
http://refhub.elsevier.com/S0001-8708(17)30270-0/bib5065726C6D757474657232s1
http://refhub.elsevier.com/S0001-8708(17)30270-0/bib5175696E6Es1
http://refhub.elsevier.com/S0001-8708(17)30270-0/bib52616E64616C57696C6C69616D73s1
http://refhub.elsevier.com/S0001-8708(17)30270-0/bib52616E64616C57696C6C69616D73s1
http://refhub.elsevier.com/S0001-8708(17)30270-0/bib525773746162696C697479s1
http://refhub.elsevier.com/S0001-8708(17)30270-0/bib525773746162696C697479s1
http://refhub.elsevier.com/S0001-8708(17)30270-0/bib736567616C63617473s1
http://refhub.elsevier.com/S0001-8708(17)30270-0/bib736567616C63617473s1
http://refhub.elsevier.com/S0001-8708(17)30270-0/bib536567616Cs1
http://refhub.elsevier.com/S0001-8708(17)30270-0/bib536567616Cs1
http://refhub.elsevier.com/S0001-8708(17)30270-0/bib536567616Cs1
http://refhub.elsevier.com/S0001-8708(17)30270-0/bib54696C3937s1
http://refhub.elsevier.com/S0001-8708(17)30270-0/bib54696C3937s1
http://refhub.elsevier.com/S0001-8708(17)30270-0/bib54696C6C6D616E6E3939s1
http://refhub.elsevier.com/S0001-8708(17)30270-0/bib54696C6C6D616E6E3939s1
http://refhub.elsevier.com/S0001-8708(17)30270-0/bib54s1
http://refhub.elsevier.com/S0001-8708(17)30270-0/bib54s1
http://refhub.elsevier.com/S0001-8708(17)30270-0/bib5761686C3034s1
http://refhub.elsevier.com/S0001-8708(17)30270-0/bib5761686C3034s1
http://refhub.elsevier.com/S0001-8708(17)30270-0/bib7761686Cs1
http://refhub.elsevier.com/S0001-8708(17)30270-0/bib7761686Cs1
http://refhub.elsevier.com/S0001-8708(17)30270-0/bib57616C6Cs1
http://refhub.elsevier.com/S0001-8708(17)30270-0/bib77656962656Cs1
http://refhub.elsevier.com/S0001-8708(17)30270-0/bib77656962656Cs1

	Inﬁnite loop spaces from operads with homological stability
	1 Introduction
	Outline
	Acknowledgments

	2 Operads, monads, and the bar construction
	3 Monoid rectiﬁcation and group completion
	3.1 Monoid rectiﬁcation
	3.2 Constructing a group completion
	3.3 Group completion theorem

	4 Operads with homological stability (OHS)
	5 The group completion of free algebras over an OHS
	6 OHS as inﬁnite loop space operad
	7 Higher dimensional manifolds
	7.1 Homological stability for spaces of manifolds
	7.2 A manifold operad
	7.3 Manifold models of A∞-operads
	7.4 Diffeomorphism groups for other tangential structures
	7.5 Mapping class groups
	7.6 The map to K-theory

	Appendix A Surface operads
	A.1 Surface operads
	A.2 Applications

	References


